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Abstract 
The report p r e s e n t s  t h e  a p p l i c a t i o n  of f i x e d  l ag  smooth ing  algorithms 
t o  t h e  p r o b l e m  of e s t i m a t i o n  of t h e  phase  a n d  f r e q u e n c y  of a s i n u s o i d a l  
carrier r e c e i v e d  i n  t h e  p re sence  o f  process n o i s e  and a d d i t i v e  o b s e r v a t i o n  
n o i s e .  A s u b o p t i m a l  s t r u c t u r e  c o n s i s t s  of a p h a s e - l o c k e d  l o o p  ( P L L )  
f o l l o w e d  by a pos t - loop  c o r r e c t i o n  t o  t h e  phase and f r equency  estimates. 
When t h e  PLL i s  o p e r a t i n g  u n d e r  h i g h  s i g n a l - t o - n o i s e  r a t i o ,  t h e  p h a s e  
d e t e c t o r  i s  a p p r o x i m a t e l y  l i n e a r ,  a n d  t h e  s m o o t h e r  e q u a t i o n s  t h e n  
co r re spond  t o  t he  optimal l i n e a r  e q u a t i o n s  for a n  e q u i v a l e n t  l i n e a r  s i g n a l  
model. The p e r f o r m a n c e  of s u c h  a s m o o t h e r  c a n  be p r e d i c t e d  by l i n e a r  
f i l t e r i n g  t h e o r y .  However ,  i f  t h e  PLL i s  o p e r a t i n g  n e a r  t h e  t h r e s h o l d  
r e g i o n  of t h e  s igna l - to -no i se  ra t io ,  t h e  phase d e t e c t o r  cannot  be assumed 
t o  b e  l i n e a r .  T h e n  t h e  a c t u a l  p e r f o r m a n c e  of  t h e  smoo the r  c a n  
s i g n i f i c a n t l y  d i f f e r  from t h a t  p red ic ted  by l i n e a -  theory.  I n  t h i s  report 
we p r e s e n t  bo th  t h e  theoretical and s i m u l a t e d  performance of such smoo the r s  
d e r i v e d  on  t h e  basis o f  v a r i o u s  models for  t h e  phase and f r equency  processes. 
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I. I n t r o d u c t i o n  
T h e  d e r i v a t i o n  of  o p t i m u m  r e c e i v e r s  t h r o u g h  m o d e r n  e s t i m a t i o n  
t e c h n i q u e s  h a s  been proposed by v a r i o u s  r e s e a r c h e r s  11-12] (see also t h e i r  
r e f e r e n c e s ) .  I n  r e f e r e n c e s  C4,51 op t imum zero  l a g  r e c e i v e r s  h a v e  b e e n  
d e r i v e d  o n  t h e  b a s i s  of l i n e a r  Kalman f i l t e r i n g  t h e o r y  [61 f o r  l i n e a r  
m e a s u r e m e n t  schemes. The n o n l i n e a r  measu remen t  s i t u a t i o n s  which are of 
i n t e r e s t  h e r e  have been s t u d i e d  i n  173, wherein,  o n  t h e  basis o f  n o n l i n e a r  
f i l ters of C81, s u b o p t i m a l  n o n l i n e a r  zero l ag  r e c e i v e r s  have been d e r i v e d  
f o r  t h e  demodu la t ion  of a n g l e  modulated s i g n a l s .  I n  [ g ]  t h e  t e c h n i q u e s  of 
[7,83 h a v e  b e e n  e x t e n d e d  t o  d e s i g n  subop t imum n o n l i n e a r  f i x e d  l a g  
s m o o t h e r s  f o r  p h a s e  e s t i m a t i o n  (see a l s o  110-141). The s o l u t i o n  of t h e  
o p t i m u m  n o n l i n e a r  f i l t e r i n g  a n d  s m o o t h i n g  p r o b l e m  is, of c o u r s e ,  
i n t r a c t a b l e .  
W h e t h e r  d e r i v e d  from l i n e a r  o r  n o n l i n e a r  t h e o r y ,  t h e  s m o o t h e r  
s t r u c t u r e  c o n s i s t s  o f  a p h a s e - l o c k e d  l o o p  (PLL) f o l l o w e d  by $a p o s t - l o o p  
c o r r e c t i o n  t o  t h e  phase and f r equency  estimates. I n  t h i s  report we s t u d y  
t h e  a p p l i c a t i o n  of l i n e a r  a n d  n o n l i n e a r  s m o o t h e r s  t o  t h e  e s t i m a t i o n  o f  
p h a s e  a n d  f r e q u e n c y  o f  t h e  s i n u s o i d .  We show t h a t  f o r  t h i s  case, t h e  
s u b o p t i m u m  n o n l i n e a r  s m o o t h e r  e q u a t i o n s  d e r i v e d  from [7,8,91 are n o t  
s u b s t a n t i a l l y  d i f f e r e n t  f r o m  t h e  op t imum l i n e a r  smoother  equat ions.  I n  
a d d i t i o n ,  s i m u l a t i o n s  show t h a t  t h e  d i f f e r e n c e  i n  p e r f o r m a n c e  of  t h e  
n o n l i n e a r  and l i n e a r  smoo the r s  i s  s m a l l .  
I n  t h i s  r e p o r t  we e v a l u a t e  t h e  p e r f o r m a n c e  of smoothers  b o t h  by 
a n a l y s i s  and s i m u l a t i o n s .  For h i g h  s i g n a l - t o - n o i s e  r a t i o  c o n d i t i o n s  when 
t h e  phase d e t e c t o r  can  be assumed t o  be l i n e a r ,  t h e  r e s u l t s  p r e d i c t e d  from 
l i n e a r  t h e o r y  are i n  c l o s e  c o n f o r m i t y  w i t h  t h o s e  o b t a i n e d  from s i m u l a t i o n s .  
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However, when t h e  phase detector i s  h i g h l y  n o n l i n e a r ,  t h e  l i n e a r  t h e o r y  i s  
i n a d e q u a t e  to  p r e d i c t  performance even for  l i n e a r  smoothers. 
The p e r f o r m a n c e  of t h e  s m o o t h e r  w i t h  a n o n l i n e a r  p h a s e  de tec tor  i s  
e v a l u a t e d  by s i m u l a t i o n s .  When c o m p a r e d  t o  t h e  case of a l i n e a r  p h a s e  
detector t h e  performance of t h e  smoother c a n  be s u b s t a n t i a l l y  d i f f e r e n t .  
The d i f f e r e n c e  can be much more p r o n o u n c e d  when t h e  p r o c e s s  n o i s e  i s  
p r e s e n t ,  compared t o  t h e  case when o n l y  the  o b s e r v a t i o n  n o i s e  i s  present .  
The s i m u l a t i o n  e x a m p l e s  i n d i c a t e  t h a t  i n  t h e  a b s e n c e  of p r o c e s s  n o i s e ,  
a l t h o u g h  t h e r e  i s  a s i g n i f i c a n t  performance d e g r a d a t i o n  due t o  n o n l i n e a r i t y  
( a b o u t  1 dB when o p e r a t i n g  i n  t h e  l o o p  SNR of a b o u t  5 dB), t h e r e  i s  no  
t h r e s h o l d  o b s e r v e d  i n  t h e  s m o o t h i n g  e r r o r  c o v a r i a n c e  i n  t h i s  r e g i o n .  I n  
c o n t r a s t  t o  t h i s ,  t h e r e  i s  a p r o n o u n c e d  t h r e s h o l d  i n  t h e  smoother 
p e r f o r m a n c e  when t h e  p r o c e s s  n o i s e  i s  p r e s e n t  a n d  t h e  i n v e r s e  of f i l t e r  
phase e r r o r  v a r i a n c e  i s  below 7.5 dR 
We also e v a l u a t e  t h e  smoother  performance when t h e  p r o c e s s  n o i s e  i s  
reduced  i n  magnitude. Tha t  is, t h e  s m o o t h e r / f i l t e r  s o l u t i o n s  are based o n  
a r e l a t i v e l y  h i g h  p r o c e s s  n o i s e ,  bu t  i n  t h e  s i m u l a t i o n  t h e  a c t u a l  v a r i a n c e  
o f  t h e  p r o c e s s  n o i s e  u s e d  i s  lower o r  zero. T h i s  i s  o f  i n t e r e s t  because, 
i n  many p r a c t i c a l  a p p l i c a t i o n s ,  t h e  p r o c e s s  n o i s e  s t a t i s t i c s  a re  n o t  
p r e c i s e l y  known, and are therefore d e l i b e r a t e l y  overest imated.  
I n  S e c t i o n  I1 we p r e s e n t  t h e  s i g n a l  model and t h e  suboptimum smoother  
e q u a t i o n s  as d e r i v e d  from t h e  s t o c h a s t i c  o p t i m i z a t i o n  theory. With a minor  
m o d i f i c a t i o n  these e q u a t i o n s  a r e  shown t o  be t h e  l i n e a r  Kalman f i l t e r  
e q u a t i o n s  f o r  a n  a p p r o p r i a t e  l i n e a r  s i g n a l  model a p p l i c a b l e  when t h e  phase 
d e t e c t o r  can  be assumed 
f i n i t e  i m p u l s e  r e s p o n s e  
t o  be l i n e a r .  T h i s  s e c t i o n  also p r e s e n t s  a 
(FIR) f i l t e r  i m p l e m e n t a t i o n  o f  t h e  smoother. 
s i m p l e  
Under 
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s t e a d y - s t a t e  c o n d i t i o n s ,  t h e  c o e f f i c i e n t s  of t h e  FIR f i l t e r  are  c o n s t a n t  
and c a n  be precomputed. 
S e c t i o n  I11 p r e s e n t s  three specific s u b c a s e s  of t h e  signal model t h a t  
are commonly used  i n  t h e  p r e s e n t  a p p l i c a t i o n  i n c l u d i n g  those i n v o l v i n g  t h e  
p h a s e  a n d  f r e q u e n c y  e s t i m a t i o n  f o r  communicat ion and n a v i g a t i o n  systems.  
I n  t h i s  s e c t i o n ,  a s s u m i n g  t h e  p h a s e  de t ec to r  t o  be l i n e a r ,  c losed- form 
e x p r e s s i o n s  are d e r i v e d  for t h e  f i l t e r  and smoother t r a n s f e r  f u n c t i o n s  and 
t h e i r  per formance  i n d i c e s .  
S e c t i o n  I V  c o n t a i n s  t h e  s i m u l a t i o n  r e s u l t s  f o r  b o t h  l i n e a r  a n d  
n o n l i n e a r  p h a s e  d e t e c t o r s  a n d  c o m p a r e s  t h e  s i m u l a t i o n  r e s u l t s  t o  t h o s e  
o b t a i n e d  from theory. 
F i n a l l y ,  some c o n c l u d i n g  remarks a r e  made i n  t h e  l a s t  s e c t i o n .  
Detailed d e r i v a t i o n s  are c o n t a i n e d  i n  Appendices A t o  C. Appendix D a l so  
c o n t a i n s  t h e  f low c h a r t  f o r  t h e  computer program developed for t h e  above 
s i m u l a t i o n s  and computat ions.  
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11. S i g n a l  Model and Smoother Equa t ions  
We c o n s i d e r  t he  problem of e s t i m a t i n g  t h e  phase p r o c e s s  8 (k )  from t h e  
sampled v e r s i o n  of t h e  r e c e i v e d  carrier s i g n a l  y ( k ) ,  i.e., 
where t k  is t h e  k t h  s a m p l i n g  t ime, wc is t h e  known car r ie r  f r e q u e n c y  a n d  
i ( k )  t h e  o b s e r v a t i o n  n o i s e  is t h e  s a m p l e d  v e r s i o n  o f  a n a r r o w  band z e r o  
mean w h i t e  G a u s s i a n  n o i s e  p r o c e s s  v (  t). F u r t h e r m o r e ,  t h e  p h a s e  p r o c e s s  
0 ( k )  i s  modeled as 
; P I =  [lO...Ol 
(2) 
x ( k + l )  = @ x ( k )  + w(k) 
I n  (21, B i s  t h e  p h a s e  c o n s t a n t ,  x ( k )  is t h e  s t a t e  v e c t o r  of d i m e n s i o n  n, 
@ i s  a n  ( n  x n )  m a t r i x  a n d  w(k)  is z e r o  mean w h i t e  G a u s s i a n  n o i s e  p r o c e s s  
independen t  o f  {s(k)) .  Thus 
E[$(k) l  = 0 , E[w(k) l  = 0 
E [ i 2 ( k ) ]  = R ; E[w(k)wT(k) l  = Q ; E[?(k) w ( j ) l  = 0 
T h r e e  p o s s i b l e  v a l u e s  o f  n a r e  c o n s i d e r e d  i n  t h e  s e q u e l  c o r r e s p o n d i n g  t o  
first,  s e c o n d  a n d  t h i r d  order  s m o o t h e r s .  The s p e c i f i c  s e l e c t i o n  o f  t h e  
matrices Q and Ip is c o n s i d e r e d  la ter .  
A p p l y i n g  t h e  i m b e d d i n g  a p p r o a c h  of 1141 ,  i n  r e f e r e n c e  191 ,  t h e  
s u b o p t i m a l  n o n l i n e a r  e q u a t i o n s  have been d e r i v e d  from t h e  n o n l i n e a r  f i l t e r  
e q u a t i o n s  of [81. These e q u a t i o n s  are p r e s e n t e d  i n  appendix  A. 
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As shown i n  appendix  A, when 2 W c t  and  h igher  order harmonic terms are 
ignored ,  t he  smoother e q u a t i o n s  r e d u c e  t o  t h e  f o l l o w i n g  
f (k+l) = @GO(k/k) + Ko(k+l)q(k+l) 
2. (k+l/k+l) = fi-l(k/k) + Ki(k+l)q(k+l) 
q(k+l) = 5 y(k+l)Cos( $(k+l)) 
%k+l) = w t + BL'%(k+l/k) c k+l 
xi(k) = x(k-i) ; i=O, ... L 
0 
1 
A 
( 3 )  
I n  ( 3 )  g i ( k /  j) d e n o t e s  t h e  es t imate  of x i (k )  o n  t h e  basis  of o b s e r v a t i o n s  
up  t o  time j a n d  t h e  g a i n  v e c t o r s  Ki a n d  t h e  c ross  c o v a r i a n c e  matr ices  
PiO(k/j) = E{z(k - i / j )  2T(k / j ) )  are  g i v e n  by A 
Ki(k+l) = A Bpi, ( k + l / k )  P S"(k+l) ; O I i < _ L  (4) 
hl 
where R(k) = R(k)/AZ and t h e  smoother  error c o v a r i a n c e  m a t r i x  Pii(k+l/k+l) 
is 
A. Rapprochement w i t h  L i n e a r  Theory: 
R e p r e s e n t i n g  t h e  bandpass  a d d i t i v e  n o i s e  ?(k) i n  terms of its baseband 
q u a d r a t u r e  components ? i ( k )  and  i q ( k )  as, 
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v(k) = vi(k)Cos(wctk + BR’x(k)) + t (k)Sin(w t + BR’x(k)) 
c k  9 
and i g n o r i n g  t h e  2uC term, t h e  phase detector o u t p u t  is g i v e n  by 
n(k+l) = A Sin(BR*Z(k+l/k)) + - [I . .  (k+l)Cos(BR’?(k+l/k)) 
i - 5 - 1  
- ts (k+l) S in ( BR ’?( k+l /k) )] 
s(k+l/k) = x(k+l) - x^ (k+l/k) 
For small e s t i m a t i o n  error z ( k + l / k ) ,  
(8) 1 -  Q(k+l) = BAR’Z(k+l/k) + - v (k+l) m i  
The d k + l )  g i v e n  by (8) a b o v e  i s  p r e c i s e l y  t h e  o n e - s t e p  ahead p r e d i c t i o n  
e r r o r  ( i n n o v a t i o n )  for the  f o l l o w i n g  l i n e a r  model 
y ( k + l )  = BAR’x(k+l) + -k.(k+l) 
IT1 
(9) 
It  is e a s i l y  v e r i f i e d  t h a t  e q u a t i o n s  (3-7) r e d u c e  t o  t h e  l i n e a r  
o p t i m a l  smoother e q u a t i o n s  f o r  t h e  model  (2,g). 
B. Smoother Implementat ion:  
F i g u r e  1 i l l u s t r a t e s  t h e  s m o o t h e r  i m p l e m e n t a t i o n .  I f  t h e  v a r i o u s  
g a i n s  are r e p l a c e d  by t h e i r  r e s p e c t i v e  s t e a d y  state va lues ,  the smoother  
c o n s i s t s  of a s a m p l e d  da ta  p h a s e - l o c k e d  l o o p  f o l l o w e d  by a p o s t - l o o p  
c o r r e c t i o n  t o  t h e  f i l t e r ed  estimates. There i s  an e q u i v a l e n t  and somewhat 
s i m p l e r  i m p l e m e n t a t i o n  t o  t h a t  of  F i g u r e  1. To d e r i v e  this, one notes from 
f igure 1, or t h e  e q u a t i o n s  (31, t h a t  
Under s t e a d y  s tate  c o n d i t i o n s  i t  i s  e a s i l y  seen t h a t  
= lim POO(k/k)  
; Pp = lim POo(k+l /k )  
k + w  
K i = (BA S-'PF)yi-l ' 'F 
y = 1 - B2A2P S - l  
k + m  P ( 1 1 )  
S u b s t i t u t i o n  o f  (11 )  i n  (10 )  r e s u l t s  i n  the  implementat ion shown i n  Figure 
2. The f i n i t e  i m p u l s e  r e s p o n s e  f i l t e r  (FIR)  h a s  o u t p u t €  ( k + l )  r e l a t e d  to 
its  i n p u t  rl ( k + l )  by 
and $ i n  Figure 2 denotes  the  v e c t o r  
- 1  L - l c  
IJ = BA S PFY 
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111. Derivation of Steady State  F i l  ter/Smoother Transfer Functions and 
Performance Expressions 
I n  t h i s  s e c t i o n  we consider th ree  s p e c i f i c  cases  of model ( 2 ) .  The 
resul t ing filter/smoother conf igura t ions  a r e  termed f i rs t  order ,  second 
order and t h i r d  order  respec t ive ly .  By r ep lac ing  var ious  ga ins  and 
matrices by their  steady-state values i n  equations (3-71, these difference 
equations a re  replaced by algebraic equations and may be solved expl ic i t ly  
for the steady s t a t e  v a l u e s  of the f i l t e r  error covariance matrix PF, the 
prediction error covariance Pp, smoother error covariance Ps, etc., as  i n  
E15-173. I n  t h e  following, w e  consider  t h e  measurement m o d e l  (9) 
( ju s t i f i ed  above) and replace BA!?,' by HI for notational convenience. 
A. First-Order F i l  ter/Smoother : 
I n  t h i s  case x i s  a s c a l a r  denoting the  unknown phase, 19 =1 and the  
s c a l a r  H may be assumed t o  be 1 without  l o s s  of any genera l i ty .  The 
d e r i v a t i o n s  f o r  Pp, PF, etc., a r e  simple f o r  t h i s  case, one may r e f e r  t o  
1161 f o r  example. S u b s t i t u t i o n  of these i n  equat ions (3)  a l s o  y i e l d s  
transfer functions of the steady s t a t e  f i l ters and smoothers a s  i n  1151. 
B. Second-Order F i l  ter/Smoother : 
For t h i s  case, 
The s t a t e  vector consists of 
173, express ions  f o r  PF and 
phase and frequency t o  be estimated. I n  [15- 
p p  a r e  der ived f o r  a very s p e c i f i c  Q matrix. 
Here, we a l s o  der ive  such express ions  f o r  any general  mat r ix  Q. T h i s  
d e r i v a t i o n  i s  contained i n  Appendix B. S u b s t i t u t i o n  of these  and o ther  
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related p a r a m e t e r s  i n  (3)  y i e l d s  t h e  v a r i o u s  t r a n s f e r  f u n c t i o n s  associated 
w i t h  t h e  s t e a d y  s t a t e  f i l t e r s  and smoother& The detailed d e r i v a t i o n  i s  
c o n t a i n e d  i n  Append ix  C. The r e s u l t  f o r  s t e a d y  s t a t e  s m o o t h e r  e r ror  
c o v a r i a n c e  m a t r i x  i s  also g i v e n  i n  Appendix E 
C. 
9 =  
For t h i s  case, 
1 T 9 / 2  
0 1  T 
0 0  1 
Third-Order F i l t e r /Smoothe r :  
(14)  
The s t a t e  v e c t o r  c o n s i s t s  of p h a s e ,  f r e q u e n c y  a n d  t h e  f r e q u e n c y  
d e r i v a t i v e  t o  be estimated. The e x p r e s s i o n s  f o r  s t e a d y - s t a t e  v a l u e s  f o r  
v a r i o u s  c o v a r i a n c e  matrices may be d e r i v e d  as  f o r  t h e  case of first order 
a n d  s e c o n d  o r d e r  s m o o t h e r s / f i l  ters. A 1  t e r n a t i v e l y ,  thes’e a re  a l s o  
o b t a i n a b l e  f rom the  s i m u l a t i o n  o f  t h e  a lgor i thm.  S u b s t i t u t i o n  o f  r e s u l t i n g  
s t e a d y - s t a t e  v a l u e s  of Kalman g a i n  K i  i n  ( 3 )  r e s u l t s  i n  t h e  t r a n s f e r  
f u n c t i o n  of t h e  steady-state filter/smoother as  shown i n  Appendix C. 
The a b o v e  d e r i v a t i o n s  are b a s e d  o n  t h e  a s s u m p t i o n  of a l i n e a r  p h a s e  
d e t e c t o r .  The p e r f o r m a n c e  p r e d i c t e d  o n  t h e  b a s i s  of t h e s e  e x p r e s s i o n s  
(Appendix B,C) is compared w i t h  s i m u l a t i o n s  i n  t h e  nex t  section. As would 
be  o b s e r v e d  t he re ,  u n d e r  t h e  a s s u m p t i o n  of a l i n e a r  p h a s e  d e t e c t o r ,  t h e  
s i m u l a t i o n  r e s u l t s  a r e  i n  c l o s e  c o n f o r m i t y  w i t h  those  p r e d i c t e d  from 
theory .  
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I V .  S i m u l a t i o n  R e s u l t s  fo r  L inea r  and  Nonl inear  Cases 
Appendix D c o n t a i n s  t h e  flow c h a r t  of t h e  s i m u l a t i o n  package developed  
on  t h e  VAX sys tem for e v a l u a t i n g  t h e  per formance  of t h e  filters/smoothers 
by s i m u l a t i o n s .  The program i n c l u d e s  both  time domain and f r equency  domain 
ana lys i s .  Thus from t h e  s t e a d y - s t a t e  f i l t e r  cova r i ance  matrices o b t a i n e d  
from s i m u l a t i o n s ,  t h e  p rogram c a n  a l s o  p r o v i d e  c o e f f i c i e n t s  o f  v a r i o u s  
t r a n s f e r  f u n c t i o n s  associated w i t h  filters/smoothers for  v a r i o u s  d e l a y s  and 
their  two-sided n o i s e  bandwidths.  I n  t h e  f o l l o w i n g  t h e  s i m u l a t i o n  r e s u l t s  
are p r e s e n t e d  f o r  t h e  p e r f o r m a n c e  o f  s m o o t h e r s .  F i r s t  we s u m m a r i z e  t h e  
main  p o i n t s  of these r e s u l t s  i n  s e c t i o n  V. T h i s  i s  t h e n  f o l l o w e d  by a more 
detailed p r e s e n t a t i o n  i n  s e c t i o n  V I .  
V. S i m u l a t i o n  Resul  ts-Summary 
The s i m u l a t i o n  r e s u l t s  o b t a i n e d  f o r  a s e c o n d  o rde r  s m o o t h e r  c a n  be 
b road ly  c a t e g o r i z e d  i n t o  l i n e a r  and n o n l i n e a r  cases as fo l lows .  
A. Linea r  Cases 
T h e  f i r s t  p a r t  o f  t h e  s i m u l a t i o n s / c o m p u t a t i o n s  e v a l u a t e s  t h e  
per formance  of t h e  f i l t e r  and smoother  w i t h  a l i n e a r  phase detector. Here 
we v e r i f y  t h e  r e s u l t s  p r e d i c t e d  from t h e o r y  w i t h  those o b t a i n e d  from t h e  
real  time c o v a r i a n c e  matrices and t h e  s i m u l a t i o n s .  The two sets o f  r e s u l t s  
agree w i t h i n  t h e  bounds  o f  s t a t i s t i c a l  errors. Moreove r  f r o m  t h e s e  
p e r f o r m a n c e  p l o t s ,  s i m p l e  e x p r e s s i o n s  f o r  t h e  f i l t e r / s m o o t h e r  n o i s e  
b a n d w i d t h  a r e  a l s o  d e r i v e d  i n  terms of p r o c e s s  n o i s e  c o v a r i a n c e  and  t h e  
s a m p l i n g  per iod.  T h i s  i s  done f o r  both t h e  phase and f r equency  e s t i m a t i o n  
e r r o r  v a r i a n c e s .  We c o n s i d e r  t h r e e  s p e c i f i c  cases  f o r  t h e  p r o c e s s  n o i s e  
v a r i a n c e s .  The first case co r re sponds  t o  z e r o  p r o c e s s  noise .  The second 
co r re sponds  t o  nonzero p r o c e s s  n o i s e  w i t h  i ts  cova r i ance  known and i n  t h e  
1 0  
t h i r d  case we c o n s i d e r  t h e  s i t u a t i o n  w h e r e  t h e  process n o i s e  v a r i a n c e  i s  
o v e r e s t i m a t e d .  The  r e s u l t s  show t h a t  t h e  f r e q u e n c y  e s t i m a t i o n  error  
v a r i a n c e  i s  a much s t r o n g e r  f u n c t i o n  of t h e  process n o i s e  t h a n  i s  t h e  phase 
e s t i m a t i o n  e r ror  v a r i a n c e .  T h u s  t h e  n o i s e  b a n d w i d t h  of t h e  f r e q u e n c y  
estimator v a r i e s  as some power <of  n o i s e  bandwidth o f  t h e  phase e s t i m a t o r .  
F o r  t h e  s i m u l a t i o n  examples, 5 v a r i e s  b e t w e e n  3 t o  6 f o r  t h e  s a m p l i n g  
p e r i o d  T b e t w e e n  0.01s a n d  1s. We a l s o  e s t a b l i s h  t h a t  t h e  a s y m p t o t i c  
smoother improvement  over  t he  f i l t e r  performance i s  a b o u t  5.6 dB for both 
t h e  p h a s e  a n d  f r e q u e n c y  e s t i m a t i o n .  A n o t h e r  i n t e r e s t i n g  r e s u l t  o f  
s i m u l a t i o n s  i s  t h a t  f o r  phase e s t i m a t i o n  a lone ,  a n o r m a l i z e d  ( w i t h  respect 
t o  t h e  d o m i n a n t  f i l t e r  time c o n s t a n t )  smoother d e l a y  of 1 is a d e q u a t e  t o  
a c h i e v e  asymptotic performance for t h e  s i m u l a t i o n  examples. To improve t h e  
f r equency  estimates as well, t h e  no rma l i zed  delay i s  approximately 2. 
B. Nonl inea r  Cases 
The second par t  of t h e  s i m u l a t i o n s  e v a l u a t e s  t h e  f i l t e r  and smoother  
p e r f o r m a n c e  w h e n  t h e  p h a s e  d e t e c t o r  n o n l i n e a r i t y  i s  t a k e n  i n t o  
c o n s i d e r a t i o n .  Here we o b s e r v e  t h a t  when t h e  a c t u a l  s i m u l a t e d  p r o c e s s  
n o i s e  v a r i a n c e  i s  z e r o  bu t  t h e  filter/smoother is des igned  o n  t h e  b a s i s  o f  
nonzero process n o i s e  v a r i a n c e ,  t h e  smoother  still  p r o v i d e s  a n  improvement 
of a b o u t  5.1 dB o r  more when t h e  l o o p  SNR ( l i n e a r  t h e o r y )  exceeds 6 dB. 
However  f o r  t h i s  r a n g e  o f  l o o p  SNR, t h e  f i l t e r  i t s e l f  may r e s u l t  i n  a 
d e g r a d a t i o n  of 1.5 dB o r  l e s s  d u e  t o  t h e  n o n l i n e a r i t y .  Thus o v e r a l l  w i t h  
t h e  smoother a n d  f o r  a g i v e n  v a l u e  of no ise  b a n d w i d t h  ( w h i c h  may be 
c o n s t r a i n e d  from other c o n s i d e r a t i o n s )  t h e  r e c e i v e r  may o p e r a t e  w i t h  more 
t h a n  3.5 dB r e d u c t i o n  i n  t h e  carrier power t o  n o i s e  spectral d e n s i t y  r a t i o ,  
if t h e  r e q u i r e d  phase  error  v a r i a n c e  i s  a b o u t  0.1 o r  smaller. A s imi la r  
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r e s u l t  i s  shown  t o  be v a l i d  when t h e  s i m u l a t e d  p r o c e s s  n o i s e  v a r i a n c e  i s  
nonze ro .  Fo r  t h e  s i m u l a t i o n  e x a m p l e  w i t h  l o o p  S N R  2 7.5 dB, s imi la r  
i m p r o v e m e n t s  are o b t a i n e d .  However ,  f o r  l o o p  SNR l e s s  t h a n  7 dB, t h e  
smoother e x h i b i t s  a v e r y  marked t h r e s h o l d  e f f e c t  i n  t h a t  t h e  s m o o t h e r  
improvement  becomes small w i t h  t h e  r e d u c t i o n  i n  t h e  loop SNR. 
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V I .  S i m u l a t i o n  Resu l t s -De ta i l ed  P r e s e n t a t i o n  
I n  t h e  f o l l o w i n g  t h e  s i m u l a t i o n  r e s u l t s  o b t a i n e d  for  t h e  second-order  
To be c o n c r e t e  we u s e  t h e  f o l l o w i n g  case are p r e s e n t e d  i n  some de ta i l .  
o f t e n  used  model for t h e  Q m a t r i x  
One a d v a n t a g e  of u s i n g  t h e  a b o v e  Q i s  t h a t  t h e  p e r f o r m a n c e  of t h e  
filter/smoother is t h e n  t h e  f u n c t i o n  of o n l y  three parameters v i z ,  Oa 
0- = u * / 2  a n d  d e n o t e s  t h e  n o i s e  v a r i a n c e  of 
Gi(k)/fl i n  t h e  b a s e b a n d  model (9). We p r e s e n t  t h e  smoother/f i l  t e r  
p e r f o r m a n c e  i n  terms of b o t h  t h e  phase e s t i m a t i o n  error  and  f r e q u e n c y  
e s t i m a t i o n  error v a r i a n c e s .  
2 
and  T, w h e r e  u t  
V' V 
A. Phase Track ing  Performance 
F i r s t  we p r e s e n t  t h e  r e s u l t s  from both a n a l y s i s  and s i m u l a t i o n s  for 
Both t h e  optimal t h e  case when the  phase detector n o n l i n e a r i t y  i s  ignored .  
f i l t e r  and  smoother performances are ana lyzed  i n  t h e  fo l lowing .  
1 . Optimal F i l t e r  Performance 
Here we P r e s e n t  t h e  performance of t h e  o p t i m a l  f i l t e r  (assuming l i n e a r  
s i g n a l  model) so a s  to  relate these p a r a m e t e r s  t o  t h e  two-sided norma l i zed  
l o o p  n o i s e  b a n d w i d t h  2Bp,  ( s u b s c r i p t  p d e n o t e s  p h a s e )  a commonly  u s e d  
parameter i n  t h e  d e s i g n  of phase-locked loops. I n  the  s i m u l a t i o n s ,  A and B 
have bo th  been no rma l i zed  t o  1. Thus i n  terms of t h e  closed-loop t r a n s f e r  
f u n c t i o n  m a t r i x  G F ( Z )  o f  (C8) ( w i t h  k 3  se t  e q u a l  t o  z e r o ) ,  t h e  parameter 
2Bp i s  g iven  by, 
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where G F , ~  r s p r e s e n t s  t h e  first Component of t h e  t r a n s f e r  f u n c t i o n  matrix 
GF(z), and T' i s  some a p p r o p r i a t e  con tour  of i n t e g r a t i o n  F i g u r e  3 p l o t s  Bp 
as c a l c u l a t e d  from (16)  as a f u n c t i o n  of (a  /a- for three d i f f e r e n t  
v a l u e s  of t h e  sampl ing  p e r i o d  T viz .  O.Ols, 0.1s and 1 s .  From these g r a p h s  
i t  i s  r e a d i l y  s e e n  t h a t  
2 2  
a v  
2 2 - 1 1  2 2  2B 1: .67(0, /U; ) T ; T = IS,  (aa /a; ) 1. 10 
P 1 ( 1 7 )  .226 2B P Q 1.01(u a v  2/u-2) T ; T = 0.1s 
2 2 -25  2B 1.05(U /a- ) T ; T = . O l s  
P a v  
I 
Equat ion  (17) shows t h a t  t h e  r e l a t i o n  between t h e  real two-sided bandwidth 
2Bp/T a n d  t h e  p a r a m e t e r  ( o a  /o ;  ) ( n o t  a f u n c t i o n  of T)  i s  a l s o  d e p e n d e n t  
upon t h e  s a m p l i n g  p e r i o d  T. T h e  l a s t  r e l a t i o n  i n  (7 )  may be t a k e n  t o  be 
t h e  a s y m p t o t i c  r e l a t i o n  for  (2Bp/T) as T + 0. F i g u r e  3 also i n c l u d e s  
t h e  no rma l i zed  l o o p  n o i s e  bandwidth of the  smoother as c a l c u l a t e d  from (16) 
w i t h  GF,p r e p l a c e d  by t h e  first component of t h e  t r a n s f e r  f u n c t i o n  matrix 
g iven  by (C14-Cl6) w i t h  K3=0. Denoted by 2Bp,S t h i s  no rma l i zed  bandwidth 
i s  g i v e n  by, 
2 2  
.234 
T ; T = 0.1s 
2 2  2B s .28(aa /u; ) 
P,S 
Comparison w i t h  t h e  f il ter bandwidth o f  ( 17) y i e l d s  
-. 008 2 2  
(18b)  (B P /B P,S 1 1 3.6(aa /a- V ) , T = 0.1s 
F i g u r e  4 p l o t s  t h e  r e a l  t w o - s i d e d  n o i s e  b a n d w i d t h  of t h e  f i l t e r  a n d  
1 4  
smoother denoted by 2xp and 2xp,s respectively where BLp = Bp/T and B L ~ , s  
= Bp,S/T. The figure also plots the normalized value of the estimates of 
phase e r r o r  var iances  both f o r  t h e  f i l t e r  and smoother. These var iances  
a r e  the s teady-s ta te  values  of the ( 1 , l )  components of the  ac tua l  f i l t e r  
e r r o r  c o v a r i a n c e  PF and t h e  smoother e r r o r  c o v a r i a n c e  m a t r i x  Ps 
respectively and have been obtained by simulation, w i t h  oaS set equal to  
zero. The term u 2 ~ 2  denotes t h e  variance of the samples of the second 
component of t h e  process noise w(k) actually used i n  simulations. The term 
oa2 i n  ( 1 5 )  t h u s  r ep resen t s  an e s t ima te  of o f o r  the purposes of 
filter/smoother equations (design) and t h u s  i n  general u may be different 
I n  case t h e  process noise covariance mat r ix  i s  known from 5 
precisely, then of course Oa 
aS 
a,S 
a 
2 
a,S 
As is  evident from Figure 4, 2 = OayS. 
where denotes estimate. 
I n  Figure 5 we plot the normalized phase error variance for both the 
f i l t e r  and smoother a s  obtained from the recursive solutions of equations 
(4-6). From the  f i g u r e  approximate expressions f o r  these terms may be 
w r i t t e n  as, 
.25 
, T = .Ols 
1 5  
2 2  .237 
2 ps(l,l)/(u- V T) .365 (ua /a; 
C o m p a r i n g  ( 2 0 )  a n d  (17,181 o n e  observes  t h a t  p r o v i d e d  a n  o p t i m u m  
fi l ter  or smoother i s  used  co r re spond ing  t o  t h e  process n o i s e  v a r i a n c e  oa , 2 
t h e  maximum d e g r a d a t i o n  of t h e  phase error v a r i a n c e  (for a specific loop 
n o i s e  bandwidth)  due to  nonzero process n o i s e  v a r i a n c e  u 5 u 2 2 a,S a 
= 0, and t h i s  i s  i s  o n l y  abou t  1.34 (1.25 dB) compared t o  t h e  case of u 
c) a,S 
L 
a l m o s t  i ndependen t  of t h e  v a r i a n c e  Oa 
Figure 6 p r o v i d e s  a direct compar ison  of the f i l t e r  per formance  w i t h  
and w i t h o u t  u This is in v iew of t h e  fact  t h a t  under  t h e  a s sumpt ion  
of l i n e a r  phase  d e t e c t i o n ,  a n d  w i t h  u 2 =  0, t h e  phase  e s t i m a t i o n  error  
v a r i a n c e  P ( 1 , l )  = (NoBL/P,), where Pc i s  t h e  rece ived  car r ie r  power (Pc  = 
A2 a n d  i s  e q u a l  t o  1 f o r  s i m u l a t i o n s )  a n d  No i s  t h e  o n e - s i d e d  power  
s p e c t r a l  o f  t h e  n o i s e  v ( t )  i n  (1).  = u 2/2 = N0/(2T), we h a v e  
PF( l , l ) / (o-  T) = 2PF(l, l) /N0 = 2% e s t a b l i s h i n g  t h e  equ iva lence  o f  the two 
performance measures under  t h e  a s sumpt ion  of Uas = 0. Thus, i n  f i g u r e  6, 
t h e  p l o t s  o f  2% cor re spond  t o  PF(l,l)/(U; T) w i t h  oa,S = 0, w h i l e  those of 
PF(1#1)/('; T) cor respond t o  oaS= Ua . A compar ison  of these  two sets of 
c u r v e s  a g a i n  v e r i f i e s  t h e  s t a t e m e n t  f o l l o w i n g  e q u a t i o n  (20). 
2. 
a,S 
a, s 
2 W i t h  u t  
V 
2 
V 
2 
2 2 
2 2 2  
I n  t h e  f o l l o w i n g  p e r f o r m a n c e  a n a l y s i s  of t h e  smoother a n  i m p o r t a n t  
parameter i s  t h e  op t imum f i l t e r  time c o n s t a n t  Tp T h i s  c a n  be e a s i l y  
e v a l u a t e d  from t h e  f i l t e r  t r a n s f e r  f u n c t i o n  e v a l u a t e d  i n  Appendix C and  i s  
g i v e n  by 
2T 
7 s -  (21 1 'F 
16 
where i 1  d e n o t e s  t h e  first component of t h e  no rma l i zed  Kalman g a i n  B A K p  
F i g u r e  7 p l o t s  t h e  normalized time c o n s t a n t  (TF/T) a s  a f u n c t i o n  of 
2 2  2 
0 /a- . a v  
v a r i e s  o v e r  a l a r g e  r a n g e .  As i s  i n t u i t i v e l y  c lear ,  h i g h e r  v a l u e s  of oa 
F o r  T = 0.1 s, ('FIT) v a r i e s  b e t w e e n  2.5 a n d  1 4  a s  (Oa2  / 0; ) 
2 
r e s u l t  i n  faster s e t t l i n g  of t h e  f i l t e r  and t h i s  a s  shown later r e q u i r e s  a 
smaller number of smoother d e l a y s  t o  a c h i e v e  t h e  maximum poss ib le  smoother 
improvement. A compar ison  w i t h  figure 3 shows t h a t  ('rF/T) i s  of t h e  o r d e r  
1 / ( 2Bp) . 
2. Optimal Smoother Performance w i t h  L i n e a r  Phase Detector 
I n  F i g u r e  8 i s  p l o t t e d  t h e  smoother p e r f o r m a n c e  e v a l u a t e d  from 
2 s i m u l a t i o n s  a s  a f u n c t i o n  of t h e  s m o o t h e r  d e l a y  and  t h e  r a t i o  (Oa2/O; 
used  i n  t h e  smoother des ign ,  a s suming  a l i n e a r  phase  detector. The do t t ed  
c u r v e s  i n  t h e  f i g u r e  p l o t  t h e  two-sided no rma l i zed  l o o p  n o i s e  bandwidth a s  
computed from (16). As may be inferred from t h e  figure, t h e  two measures  
of per formance  are e q u a l  w i t h i n  t h e  l i m i t s  of s ta t i s t ica l  errors r e s u l t i n g  
due t o  f i n i t e  data s i ze .  The minimum phase error v a r i a n c e  ( co r re spond ing  
t o  L = -1 v a r i e s  o v e r  a r ange  of a b o u t  0.3 t o  1.4 f o r  b ' h -  ) b e t w e e n  1 
a v  
t o  100. It i s  a l s o  a p p a r e n t  from t h e  f i g u r e  t h a t  t h e  a m o u n t  of d e l a y  
2 
r e q u i r e d  t o  a c h i e v e  a s y m p t o t i c  smoother  per formance  h a s  a n  i n v e r s e  r e l a t i o n  
2 t o  (aa  /a;3. I n  F i g u r e  9 i s  p l o t t e d  t h e  r ea l  l o o p  n o i s e  b a n d w i d t h  ~ B L ~ , s  
a s  a f u n c t i o n  of n o r m a l i z e d  s m o o t h e r  d e l a y  (LT/TF), where TF i s  t h e  time 
c o n s t a n t  of t h e  o p t i m a l  f i l t e r .  As i s  clear  from t h e  f i g u r e ,  t h e  
n o r m a l i z e d  v a l u e  of d e l a y  r e q u i r e d  t o  a c h i e v e  a s y m p t o t i c  s m o o t h e r  
performance does  n o t  depend s i g n i f i c a n t l y  upon (aa /a; 1. 2 2  
F i g u r e s  10 and 11 p l o t  t h e  r e s u l t s  similar t o  t h o s e  of f i g u r e s  8 and 9 
r e s p e c t i v e l y ,  when t h e  a c t u a l  p r o c e s s  n o i s e  v a r i a n c e  e q u a l s  i t s  d e s i g n  
1 7  
2 2 
v a l u e ,  i.e., CJ = CY . A c o m p a r i s o n  of these two se t s  of f i g u r e s  shows 
t h a t  t h e  p h a s e  e r ror  v a r i a n c e  c a n  be a t  most 1.35 times more t h a n  f o r  t h e  
case of 5 = 0. F o r  i n t e r m e d i a t e  v a l u e s  of t h e  n o i s e  v a r i a n c e ,  
0 < Ua,S < CYa , t h e  r a t i o  would be sualler. 
a,S a 
2 
a,S 
2 2 
I n  f i g u r e  1 2 ,  a c o m p a r i s o n  of s m o o t h e r  p h a s e  e r r o r  v a r i a n c e  i s  made 
f o r  t h r e e  d i f f e r e n t  s a m p l i n g  p e r i o d s  T e q u a l  t o  . 01 ,  0.1 a n d  1 s  
r e s p e c t i v e l y .  As i s  e v i d e n t  from t h e  f i g u r e ,  whereas t h e  optimum f i l t e r  
performance i s  dependent upon t h e  sampl ing  pe r iod ,  t h e  a s y m p t o t i c  smoother  
p e r f o r m a n c e  d e p e n d s  o n l y  m a r g i n a l l y  o n  T. Moreove r  a s  t h e  n o r m a l i z e d  
smoother  d e l a y  ( t o  a c h i e v e  a s y m p t o t i c  performance)  i s  a l m o s t  i ndependen t  o f  
T, t h e  a c t u a l  d e l a y  L h a s  a n  i n v e r s e  r e l a t i o n  t o  T (from Figure 7 (.cF/T) is  
i n v e r s e l y  related t o  T.) 
3. Smoother Performance w i t h  Non l inea r  Phase Detector 
F i g u r e s  13-17 p l o t  t h e  performance of t h e  smoother  when t h e  s i n u s o i d a l  
n o n l i n e a r i t y  o f  t h e  p h a s e  d e t e c t o r  i s  i n c l u d e d  i n  t h e  s i m u l a t i o n s .  For 
these  s i m u l a t i o n s ,  we c o n s i d e r  a s p e c i f i c  case where in  t h e  d e s i g n  v a l u e  o f  
t h e  p r o c e s s  noise  v a r i a n c e  is e q u a l  t o  t h e  m e a s u r e m e n t  n o i s e  v a r i a n c e  
a- ( c o r r e s p o n d i n g  t o  a two-sided bandwidth of 1 Hz). From f i g u r e  13 i t  i s  
o b s e r v e d  t h a t  when t h e  s i m u l a t e d  n o i s e  v a r i a n c e  a = 0 ,  t h e  e f f ec t  of 
n o n l i n e a r i t y  i s  t o  degrade t h e  n o r m a l i z e d  p h a s e  e r r o r  v a r i a n c e  P s ( 1 ,  I ) /  
a- by a t  m o s t  a f a c t o r  of 1.32 f o r  I2.2 ( c o r r e s p o n d i n g  t o  t h e  
f i l t e r  rms phase e r r o r  o f  27' f o r  a l i n e a r  detector and 30" f o r  a n o n l i n e a r  
2 
V 
a,S 
2 
V 
p h a s e  detector). 
I n  f i g u r e  14  i s  p l o t t e d  t h e  s m o o t h e r  p e r f o r m a n c e  w i t h  a n o n l i n e a r  
= u  . Here t h e  v a r i a t i o n  of  2 p h a s e  d e t e c t o r  f o r  t h e  case o f  CJ 
a,S a 
1 8  
norma l i zed  phase e s t i m a t i o n  error v a r i a n c e  depends much more s t r o n g l y  o n  
0- . a t  t h e  
phase detector o u t p u t ) ,  t h e  d e g r a d a t i o n  is w i t h i n  a factor of 1.7 (2.3 dB). 
The d e g r a d a t i o n  c a n  be much h i g h e r  f o r  larger v a l u e s  of 0; . F i g u r e  15 
p l o t s  t h e  phase error v a r i a n c e  no rma l i zed  by t h e  sampl ing  period T V S  t h e  
n o r m a l i z e d  s m o o t h e r  de lay .  Such  a n o r m a l i z e d  r e s u l t  is expected t o  be  
a p p r o x i m a t e l y  v a l i d  for  d i f f e r e n t  v a l u e s  of T. 
2 2 0 
F o r  0; < 1.4 ( c o r r e s p o n d i n g  t o  a rms p h a s e  e r r o r  of 28.5 V 
2 
F i g u r e s  16 a n d  17 compare t h e  f i l t e r  a n d  t h e  l i m i t i n g  smoother 
per formance  as a f u n c t i o n  of optimal f i l t e r  performance w i t h  a l i n e a r  phase 
detector. Thus t h e  i n v e r s e  of t h e  phase e r r o r  v a r i a n c e  of t h e  f i l t e r  w i t h  
n o n l i n e a r i t y  V S  10 l o g  (Pc/NOBL) = 10  l o g  (110 i s  p l o t t e d  i n  f i g u r e  16 
f o r  the case of o = 0. Here, o d e n o t e s  t he  phase error v a r i a n c e  of a 
phase-locked loop  w i t h  a l i n e a r  phase  de t ec to r  and  h a v i n g  a l o o p  n o i s e  
b a n d w i d t h  o f  BL Hz a n d  (Pc/NO) i s  t h e  r e c e i v e r  c a r r i e r  power t o  n o i s e  
spectral d e n s i t y  ratio. F i g u r e  16 also p l o t s  t h e  co r re spond ing  r e s u l t s  for  
t h e  smoother w i t h  and  w i t h o u t  n o n l i n e a r i t y .  As may be inferred from t h e  
f i g u r e ,  for  t h e  case o f  a l i n e a r  phase d e t e c t o r ,  t h e  smoother  p r o v i d e s  a n  
i m p r o v e m e n t  o f  5.6 dB o v e r  t h e  f i l t e r .  When t h e  p h a s e  d e t e c t o r  
n o n l i n e a r i t y  i s  t a k e n  i n t o  c o n s i d e r a t i o n ,  t h e n  f o r  a r a n g e  o f  1 0  l o g  
(110 2 6 dB, t h e  smoother  s t i l l  p r o v i d e s  a n  improvement of a t  least  5.1 
dB o v e r  t h e  f i l ter .  Note, however, t h a t  t h e  f i l t e r  per formance  can i t s e l f  
be degraded by as much as 1.5 dB due t o  phase detector n o n l i n e a r i t y .  S i n c e  
t h e  p l o t s  i n  f i g u r e  16 c o r r e s p o n d  t o  a f i x e d  v a l u e  of BL, these  r e s u l t s  
i n d i c a t e  t h a t  w i t h  a smoother ,  t h e  r e c e i v e r  can be o p e r a t e d  w i t h  a t  l eas t  
3.5 dB smaller (Pc/NO) r a t i o  when i t  i s  d e s i r e d  t o  h a v e  a 0.1 o r  smal le r  
v a l u e  for t h e  phase error var iance .  
2 
4 
2 
a,S 4 
2 
@ 
1 9  
2 = o  . 
Here i t  i s  o b s e r v e d  t h a t  t h e  e f f e c t s  of n o n l i n e a r i t y  are  more d o m i n a n t  
r e s u l t i n g  i n  a t h r e s h o l d  b e h a v i o r  i n  t h e  s m o o t h e r  phase  e r r o r  v a r i a n c e .  
However ,  f o r  10 log (Pc /NOBL)  1 7 . 5  dB, t h e  r e s u l t s  i n  terms o f  s m o o t h e r  
performance are c l o s e  t o  those f o r  t h e  case of 0 
2 
F i g u r e  17 p l o t s  t h e  co r re spond ing  r e s u l t s  for the  case of 0 a , S  a 
= 0. 2 a , S  
graphics  i t  i s  r e a d i l y  s e e n  that approx ima te ly ,  
B. Frequency Tracking  Performance 
I n  t h e  f o l l o w i n g  we p r e s e n t  t h e  per formance  of t h e  f i l t e r  and smoother 
i n  terms of t h e  f r equency  e s t i m a t i o n  error. 
1. Optimal F i l t e r  Performance 
The f requency  e s t i m a t i o n  error v a r i a n c e  is p r e s e n t e d  i n  terms of t h e  
f r equency  t r a c k i n g  l o o p l s  no rma l i zed  two-sided l o o p n o i s e  bandwidth denoted  
by 2 Bp This parameter can  also 
by GF,f - t h e  second component of 
a c t u a l  t w o - s i d e d  l o o p  b a n d w i d t h  
g i v e n  by PF(2 ,2) / (o-  TI. T h i s  
parameter (CJ 2/u- f o r  t h e  case 
a v  
2 
V 
2 
be computed from (16) w i t h  GF,p replaced 
t h e  transfer f u n c t i o n  m a t r i x  GF(z). The 
2BLf e q u a l s  (2Bf /T)  o r  i s  e q u i v a l e n t l y  
parameter i s  p l o t t e d  vs t h e  d e s i g n  
of u = 0 i n  f i g u r e  18. From these 
a , S  
A comparison o f  (22) w i t h  (19,201 shows t h a t  approx ima te ly  
1 I: 10  (2B ) 5.8 , T = IS  , (aa 2 2  /U; ) I 10 2BLf LP 
, T = 0.1s 3.32 
3 
.34 ( 2 B  ) 
2BLf LP 
2BLf LP 
, T = . O l s  2 .30 (2B ) 
20 
J 
(23 1 
It is  h a r d l y  s u r p r i s i n g  that  for  low values of T, the frequency estimation 
e r r o r  var iance i s  proport ional  t o  the  t h i r d  power of 2Bp. S t i l l  more 
important i s  the f a c t  t h a t  the frequency e s t ima t ion  e r r o r  degrades a t  a 
much fas te r  r a t e  w i t h  BLp a s  T i s  increase& 
2. Optimal Smoother Performance w i t h  L i n e a r  Phase Detector 
I n  f i g u r e  18 i s  a l s o  p lo t ted  the equivalent  loop noise bandwidth of 
T h i s  r e s u l t  2 the  smoother 2BLf,S = PS(2,2)/(a- T) f o r  the case of T = 0.1s. 
can be approximated by t h e  fol lowing expression 
V 
A comparison w i t h  ( 2 2 )  shows t h a t  t h e  r a t i o  of BLf t o  BLf ,S  i s  given by 
3 . 6 ( ~  /a- 1 O o o 3  which f o r  low values of (a 2/a-2) is  approximately 5.6 dB. 
a v  a v  
Figures 19 and 20 p l o t  the normalized frequency e s t ima t ion  e r r o r  
variance for the smoother as a function of smoother delay corresponding t o  
Q n n 
= u L ,  r e s p e c t i v e l y .  Compar i son  w i t h  f i g u r e s  9 and  U = 0 and u 
11  r e spec t ive ly  shows t h a t  the smoother delay required t o  achieve the 
L L 
a,S a,S a 
asymptotic improvement i n  frequency e s t ima t ion  is about two t imes t h a t  
required 
than two 
already 
stronger 
for phase estimation alone. Even so, a normalized delay Of l e s s  
i s  adequate for real iz ing the asymptotic improvement. Also, a s  
discussed, t h e  frequency e s t ima t ion  e r r o r  variance i s  a much 
function of (a 2 2  /a- ) and the actual process noise variance 0 2 . 
a,S a v  
3. Smoother Performance w i t h  Nonlinear Phase Detector 
I n  f i g u r e  21 i s  p lo t ted  the normalized frequency e s t ima t ion  e r r o r  
2 1  
2 v a r i a n c e  f o r  t h e  case o f  u = and t h e  a c t u a l  p r o c e s s  n o i s e  v a r i a n c e  a v 
2 
U = 0. For a; 2.2, the  f i l ter  and smoother performances are degraded 
ass 
by a f a c t o r  o f  1.18 and 1.24 r e s p e c t i v e l y .  
performance f o r  t h e  case of  0 = u . 
F i g u r e  22 p l o t s  t h e  s m o o t h e r  
2 2 
a,S a 
C. Smoother Parameters 
Figures  23 and 24 p l o t  both components o f  t h e  asymptot ic  smoother ga in  
Ki(k) as k + 00 (see equat ion  (4)) f o r  v a r i o u s  va lues  of the de lay  v a r i a b l e  
I, corresponding t o  two d i f f e r e n t  va lues  of  t h e  design parameter (aa 10-3. V 
As is  apparent  from t h e  f igu res ,  t he  smoother ga in  i s  n e g l i g i b l y  small f o r  
I > 20 i n  both  of t h e s e  cases. 
2 
22 
V I I .  Conclusions and S u g g e s t i o n s  for F u r t h e r  Work 
The report has p r e s e n t e d  t h e  performance of t h e  subopt imal  f i l t e r  and 
smoother f o r  t h e  phase  a n d  f r e q u e n c y  e s t i m a t i o n  of a s i n u s o i d  u n d e r  t h e  
presence  of both t h e  process n o i s e  and o b s e r v a t i o n  noise. The performance 
predicted on  the  basis of l i n e a r  e s t i m a t i o n  t h e o r y  i s  i n  close p r o x i m i t y  
w i t h  t h e  cor responding  r e s u l t s  o b t a i n e d  w i t h  s i m u l a t i o n s ,  when t h e  phase 
detector i s  assumed l i n e a r .  Such s i m u l a t i o n  r e s u l t s  are appl icable  when 
t h e  phase  de t ec to r  n o n l i n e a r i t y  i s  t a k e n  i n t o  c o n s i d e r a t i o n  and  t h e  
r e c e i v e r  i s  o p e r a t i n g  under h i g h  s igna l - to-noise  r a t i o  condi t ions .  Under 
s u c h  c o n d i t i o n s ,  t h e  s m o o t h e r  i m p r o v e s  bo th  t h e  phase  a n d  f r e q u e n c y  
e s t i m a t i o n  errors as  compared t o  t h e  f i l t e r  by a b o u t  5.6 dR 
However,  as  t h e  s i g n a l -  t o - n o i s e  r a t i o  i s  reduced, t h e  cor responding  
i m p r o v e m e n t  i s  a l s o  r e d u c e d .  
t h e  p r o c e s s  n o i s e  i s  p r e s e n t  t h a n  when o n l y  t h e  o b s e r v a t i o n  n o i s e  i s  
present .  I n  t h e  presence  of both t h e  n o n l i n e a r i t y  and t h e  process noise ,  
t h e  smoother performance e x h i b i t s  a marked th re sho ld  behavior ,  i n  t h a t  t h e  
smoother performance degrades r a p i d l y  w i t h  decrease i n  10 log (l /a 2, below 
7.5 dB. However ,  f o r  10 log  ( P c / N ~ B ~ )  2. 7.5 dB, t h e  r e s u l t s  i n  terms of 
smoother  performance are close to  those for t h e  case of 0 
A l s q  s u c h  a d i f f e r e n c e  i s  more s e v e r e  when 
4 
2 
ass 
= 0. 
From t h e  s i m u l a t i o n  examples  i t  a l s o  appea r s  t h a t  t h e  performance of 
t h e  f i l  t e r / s m o o t h e r  does n o t  c h a n g e  v e r y  s i g n i f i c a n t l y  i f  t h e  a c t u a l  
process n o i s e  v a r i a n c e  i s  smaller than  its d e s i g n  value.  
A l t h o u g h  n o t  s t u d i e d  i n  t h i s  r e p o r t ,  i t  i s  e x p e c t e d  t h a t  t h e  
d e g r a d a t i o n  caused by i g n o r i n g  t h e  process n o i s e  v a r i a n c e  c o m p l e t e l y  or by 
u n d e r e s t i m a t i n g  i t  i n  t h e  d e s i g n  w o u l d  be r e l a t i v e l y  much more s e v e r e .  
Thus i n  s i t u a t i o n s  where t h e  process n o i s e  v a r i a n c e  i s  n o t  known, a n  upper 
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bound for i t  shou ld  be used i n  t h e  design. This however, c a n  lead t o  much 
h i g h e r  e s t i m a t i o n  e r r o r  t h a n  t h e  minimum possible v a l u e  as i t  f o l l o w s  from 
t h e  s i m u l a t i o n s  ( t h e  a c t u a l  p h a s e  e r r o r  v a r i a n c e  w o u l d  be c l o s e  t o  t h e  
v a l u e  o b t a i n e d  when t h e  a c t u a l  p r o c e s s  n o i s e  v a r i a n c e  i s  e q u a l  t o  i t s  
bound). 
T h e r e f o r e ,  f o r  t h e  f u t u r e  r e s e a r c h  we p r o p o s e  a n  a d a p t i v e  
i m p l e m e n t a t i o n  which  ei ther e x p l i c i t l y  or i m p l i c i t l y  estimates t h e  a c t u a l  
p r o c e s s  n o i s e  v a r i a n c e .  
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Appendix A:  Smoother Equat ions  
I n  t h e  f o l l o w i n g ,  t h e  f i l t e r  and  s m o o t h e r  e q u a t i o n s  a r e  p r e s e n t e d  
which  r e s u l t  by expanding t h e  n o n l i n e a r  measurement f u n c t i o n  h(x,k) i n t o  a 
Taylor series around t h e  p red ic t ed  estimate of x(k) and r e t a i n i n g  o n l y  t h e  
l i n e a r  a n d  q u a d r a t i c  terms. Much o f  t h e  s i m p l i c i t y  i n  t h e  r e s u l t i n g  
e q u a t i o n s  i s  due t o  t h e  f a c t  t h a t  2 U c t  and h i g h e r  o r d e r  harmonic terms are 
ignored. These harmonic terms r e s u l t  from t h e  q u a d r a t i c  terms p r e s e n t  i n  
t he  filter/smoother equat ions .  
D e n o t i n g  by h ( x , k )  t h e  f u n c t i o n  A S i n (  u c t k  + BL’x(k)) a n d  by h x ( x , k )  
i t s  p a r t i a l  d e r i v a t i v e  w i t h  r e spec t  t o  x, t h e  s m o o t h e r  e q u a t i o n s  c a n  be 
decomposed i n t o  two sets o f  e q u a t i o n s  termed f i l t e r  e q u a t i o n s  a n d  
“ s m o o t h e r ”  e q u a t i o n s  a s  follows. L e t t i n g  x i (k)  4 x ( k - i ) ,  S i (k /  j )  d e n o t e  
t h e  estimate of x i ( k )  o n  t h e  b a s i s  of o b s e r v a t i o n s  u p  t o  time j ,  o n e  
o b t a i n s  C7-93: 
F i l t e r  State  Equat ions :  
;O(k+l/k+l) = &o(k/k)  + Mg(k+l ) v ( k + l )  
V(k+l) = y ( k + l )  - h(G(k+l/k),  k+l )  
where !$,(k+l) is t he  f i l t e r  ga in .  
Smoother State Equat ions:  
f i ( k + l / k + l )  = ; i - l (k /k)  + Mi(k+ l )U(k+ l ) ,  0 < i 1 L (A31 
where L d e n o t e s  the smoother delay.  
F i l  ter/Smoother Gain: 
Mi(k+l) = PiO(k+l/k) h&cr”(k+l),  0 i A L ( A 4 1  
Error Covariance Update: 
I n  (A41 Pio ( k / j )  d e n o t e s  E [(x(k-i)  - E ( k - i / j ) )  (x(k)  - X^(k/j)T}] 
with j = k-1. A r e c u r s i v e  update  for  Pio (k/k)  is given  as 
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( A 1  
(A21 
PiO(k+l/k+l) = PiO(k+l/k) - [Pi0(k+l/k)h~la"(k+l) [PoO(k+l /k )h~ lT  (A5) 
n n 
a(k) = hxPO0(k/k-l)hi + R(k) + 
i,j=l r,s=l 
i,r s,j a 'h a Lh 
poo poo alfaxS T s Z a  
I n  equation (A7) xi denotes the  i t h  component of  x and Pi' 00 denotes ( 1 , j ) t h  
component o f  t h e  ma t r ix  Poo. The s m o o t h i n g  e r ror  covariance ma t r ix  Pii 
(k/k) = E {%(k-i/k)?(k-i/k)] , %(k-i/k) = x(k-i)  - x^(k-i/k), is given by 
0 
To s p e c i a l i z e  t h e  a l g o r i t h m  t o  t h e  s i g n a l  model ( l t 2 ) ,  hx and h,, a r e  
evaluated as, 
a lh 
X ax2 
h = A f i  R "Cos (g(k)); - = A 6  I1R 'Sin (6(k)); 
= Piil(k/k-l) 
The above expres s ion  for  CJ8)may e a s i l y  be reorganized as 
1 -l - a '(k)=A-* [p + % p i  + g(k)] -' [ 1 + d(k)Cosl(2 @k)) 4 
Expansion of t h e  second term on t h e  right hand s i d e  i n t o  a c o s i n e  F o u r i e r  
series r e s u l t s  i n  
I 
A 
o-'(k) = A - ~  [p$ + +i p i  + z(k)]-l (aO + alCos(20(k))+ ... 
where 
0 a 
1 a 
S u b s t  
%, al ,  etc., are the  F o u r i e r  series c o e f f i c i e n t s .  Thus 
1 
T I  
1 dx 
IT 1 l+d(k)Cosx =iT x -  
(A131 
2 
d (k) 
Cosxdx = 
IT l' l+d(k)Cosx 
t u - i o n  of U- l (k )  from (A12,A13) i n t o  (A41 r e s u l t s  i n  
1 1-d (k) 
w i t h  
2 
( A l l ) )  
R e c o g n i z i n g  t h a t  PiO(k+l/k) i s  b a s e b a n d ,  t h e  b a s e b a n d  par t  of t h e  
c o r r e c t i o n  term i n  (A2,A3) may be w r i t t e n  as 
Mi ( k+l )v ( k+l ) = Ki ( k+l )'I (k+l 
-1 2 2 2  
Ki(k+l)  = A PiO(k+l/k) c1 [A p + !i A p6 + R(ktl)] 
6 
n ( k + l )  = y ( k + l ) C o s ( c ( k + l ) )  (A151 
I n  (A151 Ki(k+l) i s  b a s e b a n d ,  a n d  t h e  term Mi(k+l) S i n ( G ( k + l ) )  h a s  b e e n  
i g n o r e d  as t h i s  does n o t  c o n t r i b u t e  any baseband component. 
S i m i l a r l y ,  t h e  second term on the  right hand s i d e  of (A8.) is g i v e n  by 
Pio(k+l/k)2!L*Pio(k+l/k) A2[1 + Cos(L$(k+l))] [ A  2 p$ + 
A * p$ + R(k+l)]  -1 
{ a o  + a l  Cos(2O(k+l)) A +.. . } 
and its baseband D a r t  I s  simply 
Appendix B: Steady S t a t e  Performance Equat ions f o r  a Second Order Linear  
F i l  ter/Smoother 
Denoting by E, t h e  va r i ance  of t h e  a d d i t i v e  noise  term - k i ( k + l )  i n  
the s t eady- s t a t e  error covariance m a t r i x  Pp is the  s o l u t i o n  
IT 
equat ion  (81, 
of t h e  fo l lowing  algebraic Riccati equation. 
-1 
p = @[p - p H(H’P H + E) H’P ] @’+ Q 
P P P  P P 
or 
Deno t ing  by Pi j  t h e  i j  t h  component  of P , t h e  l e f t  hand s i d e  of (B2) 
denoted B equals ,  
P 
] (B3) [ ::; (P11P22 - P12) 2 + P22K 1 P12R B =  ( P l l  + 3 
L e t t i n g  A denote  t h e  m a t r i x  on t h e  right hand s i d e  of (B2), one o b t a i n s  
S u b s t i t u t i o n  of (B3) and (B4) r e s u l t s  i n  the  fo l lowing  set of  equa t ions  i n  
P11, P12 and P22. 
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Equation ( B 7 )  can also be wri t ten  a s  
+ ii Q,, = 0 Q22 pl l  - p12 
2 - 
or 
L 
p1 1 + = P12/Q2, 
( B 8 )  
(B’8 )  
- 
Subst i tut ion of (P11 + R) from (B’8)  i n t o  (B6) and a l i t t l e  s impl i f i ca t ion  
y i e l d s  
- +E- Q22 
p12 
p12 - p22 = 012 
S u b s t i t u t i o n  of  (Bg)  and ( B ’ 8 )  i n  e q u a t i o n  ( B 5 )  r e s u l t s  i n  t h e  f o l l o w i n g  
algebraic equation i n  P12.  
- - ,/- , then s u b s t i t u t i o n  of  G l l ,  Q22,  Q 1 2  i n  - A  D e f i n i n g  P12 = P12  Q, 
terms of  Q l l  etc. from (B4) r e s u l t s  i n  the fo l lowing equation for F12, 
5 -2 m3 - (2 + b) P12 - a P12 + 1 = 0 -4 
p12 - a p12 
Q l l  - TQ12 - 
R 
( B 1 1 )  
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N 
I n  terms of t h e  s o l u t i o n  P 1 2  of ( B l l ) ,  t h e  e l e m e n t s  of t h e  m a t r i x  Pp 
can  be computed as follows. 
Due t o  symmet ry  i n  t h e  c o e f f i c i e n t s  o f  t h e  p o l y n o m i a l  i n  e q u a t i o n  
( B l l ) ,  i t  can  be f a c t o r i z e d  as  
5 -2 N -2 
(P12 - c1 P12 + 1) (P12 - c2 P12 + 1) 
comparing t h e  c o e f f i c i e n t s  y i e l d s  t h e  s o l u t i o n  for C1 and C2 as follows, 
Thus f o r  the  e x i s t e n c e  of  t h e  s o l u t i o n ,  one  must s a t i s f y  the c o n d i t i o n  
Now F12 i s  the  s o l u t i o n  of 
ICI -2 
P12 - c P I 2  + 1 = 0 (B15) 
51 
S i n c e  i t  is r e q u i r e d  t h a t  1Pl21 > 1 ( n o t e  t h a t  t h e  s o l u t i o n s  of ( B 1 5 )  a r e  
and for some real A )  ; 
z P I 2 = +  [ c +  -1; c c > o  
= +  [ C - J K ] ;  c < o  
( B 1 6 )  
For t h e  a b o v e  s o l u t i o n  t o  e x i s t  C 2  > 4. 
satisfies t h i s  c o n d i i t i o n  t h e n  t h e  s o l u t i o n  is uniquely  determined. 
I f  o n l y  o n e  s o l u t i o n  of ( B 1 3 )  
This 
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would be t h e  case, for example, when 
14 + bl C 4 or - 8 < b < O  (B17) 
If o n  t h e  o t h e r  h a n d  b o t h  s o l u t i o n 8  of (E131 s a t i s f y  C 2  > 4, t h e n  t h e  o n e  
s a t i s f y i n g  P22 > Q22 ( P  F 22 + 422 = Pp22) where s u p e r s c r i p t s  F a n d  P s t a n d  
for  f i l t e r  and predictor r e s p e c t i v e l y  i s  t h e  desired s o l u t i o n  
W i t h  t h e  k n o w l e d g e  of Pp, t h e  s t e a d y - s t a t e  f i l t e r  error c o v a r i a n c e  
matrix PF i s  simply g i v e n  a s  
The smoother c o v a r i a n c e  m a t r i x  Pio a n d  t h e  f i l t e r  smoother g a i n s  Ki c a n  
t h e n  be o b t a i n e d  from e q u a t i o n s  ( C l O - C l 3 )  o f  t h e  Appendix C, which  are time 
i n v a r i a n t  v e r s i o n s  of t h e  r e l e v a n t  s m o o t h e r  e q u a t i o n s .  Moreover ,  t h e  
s m o o t h e r  p e r f o r m a n c e  f o r  v a r i o u s  v a l u e s  o f  t h e  d e l a y  c a n  be e v a l u a t e d  
r e c u r s i v e l y  from e q u a t i o n  (7). E q u i v a l e n t l y  t h e  asymptotic performance of 
t h e  smoother can  be e v a l u a t e d  from t h e  f o l l o w i n g  n o n r e c u r s i v e  equat ion .  
-1 - - Ps) - P 7 p - l  (Pp - PSI P c Pp = Pp - PF] 
(pP P P  P 
z 
where 
c -  K H’ ; Ps = l i m  l i m  P (k/k)  0 L+CO k+.o LL 
L e t t i n g ,  
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- A  then t h e  s o l u t i o n  for Ps = ( P p  - PSI i s  g i v e n  i n  terms of 
- A  
PF = (Pp - P ) as follows, 
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Appendix C: T r a n s f e r  f u n c t i o n s  of t h e  s t e a d y - s t a t e  f i l  ter/smoother. 
From e q u a t i o n s  (21, (31, ( 8 )  a n d  u n d e r  t h e  a s s u m p t i o n  of a l i n e a r  
phase detector, one o b t a i n s  
%(k+l/k+I) = 4 x(k/k) + KOABf’@{ x(k) - x^ (k/k)) + KoABQ’w(k) 
+ KOvi(k+l) ( C 1 )  
A l -  I n  e q u a t i o n  ( c I ) ,  vi(‘+’) = - , and { w ( k )  i s  a v e c t o r  w h i t e  
G a u s s i a n  n o i s e  process as  a p p e a r i n g  i n  e q u a t i o n  (2). S u b t r a c t i o n  of ( C 1 )  
from t he  second of e q u a t i o n s  (2) y i e l d s  t h e  f o l l o w i n g  e q u a t i o n  after some 
s i m p l i f i c a t i o n  and t a k i n g  t h e  Z t r a n s f o r m  on both sides of t h e  equation. 
IF vi(k+l) 
- A  I n  e q u a t i o n  ( C 2 )  a b o v e ,  K = BAKo= [E1 f2  ii31’ a n d  iiF(z),W(z) a n d  V i ( z )  
r e p r e s e n t  the 2 t r a n s f o r m s  of z(k/k),  w(k) and Vi(k) r e s p e c t i v e l y .  L e t t i n g  
t h e  v e c t o r  f u n c t i o n  5 ( 2 )  r e p r e s e n t  t h e  r i g h t  h a n d  s i d e  of ( C 2 ) ,  t h e  
e q u a t i o n  (C2) may be w r i t t e n  as a set  of f o l l o w i n g  three e q u a t i o n s  i n  t h e  
unknowns Z,(z), z 2 ( z )  and Z3(z) (after s u b s t i t u t i o n  of (3 from ( 1 4 ) ) .  
-F -F - T2 -F 
[ z  - (l-ki)] XI - (l-K1)T X2 - (1-K1)- x3 = Z;,(z) 
2 
The set  of e q u a t i o n s  ( C 3 )  c a n  be  s o l v e d  t o  o b t a i n  t h e  f o l l o w i n g  t r a n s f e r  
f u n c t i o n  m a t r i x  between V,(z) and X (2) (setting W(z)=O) , -F 
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+ E3T 2 
From ( 1 4 )  and (C5) i t  follows t h a t  
ABE’CP ?*(z )  
z v p  
3: - -1 { (E +E T+E3 ~ ) ( z - l ) ~  T2 + (E2T+ - 3 E3T 2 ) ( z - l )  + T 1 2  2 3 D(z) 
From e q u a t i o n  (81, i n  t h e  a b s e n c e  of p r o c e s s  no ise  w(k),  t h e  transfer 
f u n c t i o n  b e t w e e n  r l ( k + l )  a n d  v i ( k + l ) ,  ( o r  b e t w e e n  r l ( k + l )  a n d  y ( k + l ) )  i s  
given by 
By e x p l o i t i n g  t h e  l i n e a r  p r o p e r t y  of t h e  f i l t e r  (or s m o o t h e r )  a n d  
c o n s i d e r i n g  t h e  case when w(k)  = 0 ( x ( k )  = 0, i m p l y i n g  t h a t  ;(k/k) = 
-x(k /k) ) ,  one r e a d i l y  o b s e r v e s  t h a t  t h e  f i l t e r  t ransfer  f u n c t i o n  b e t w e e n  
y ( k )  a n d  ;(k/k) (or b e t w e e n  v i ( k )  a n d  x^(k/k)) i s  g i v e n  by 
A 
The f i rs t  term of t h e  t r a n s f e r  f u n c t i o n  m a t r i x  o n  t h e  r i g h t  hand  s i d e  of 
(C8) i s  s i m p l y  A times t h e  t r a n s f e r  f u n c t i o n  between t h e  phase estimate and 
t h e  i n p u t  s i g n a l  y(k). S i m i l a r l y  t h e  s e c o n d  term r e p r e s e n t s  A times t h e  
t r a n s f e r  f u n c t i o n  between t h e  f requency  estimate and t h e  i n p u t  and so o n  
Using f requency  domain techniques ,  these t r a n s f e r  f u n c t i o n s  are used i n  t h e  
developed s o f t w a r e  t o  e v a l u a t e  t h e  f i l t e r  loop n o i s e  bandwidth. 
It i s  e a s i l y  s e e n  from e q u a t i o n  ( 3 )  t h a t  t h e  smoothed estimate ( w i t h  
smoother l ag  e q u a l  t o  L) of x(k+l-L) may be w r i t t e n  as, 
G(k+l-L/k+l) = G(k+l-L/k+l-L) + \(k+l)n(k+l) + %-l(k)Q(k) 
(C9) +. . .+ K1 (k+2-L)u(k+2-L) 
The v a r i o u s  smoother g a i n s  and t h e  c o v a r i a n c e  matrices are now replaced by 
t h e i r  r e s p e c t i v e  s t eady- s t a t e  v a l u e s  a s  f o l l o w s .  From e q u a t i o n s  (4) and 
(5) one o b t a i n s  
PiO(k+l/k) = Pi-l,o (k/k-1) >(k) 
where 
(C10) 
A n o n r e c u r s i v e  s o l u t i o n  o f  (C10) u n d e r  s t e a d y  s t a t e  c a n  be  o b t a i n e d  by 
r e p l a c i n g  @(k) and PO0(k/k-1) by t h e i r  steady-state v a l u e s  denoted by @ and 
P r e s p e c t i v e l y .  Thus, 
h c1 
P 
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l i m  p (k+l/k) = ~$21~  ; l < i < L  - -  io k + m  
l i m  K.(k+l) = ABP [?Ii R5-l 
P k-. 03 1 (C13) 
D e n o t i n g  by zs t h e  Z t r a n s f o r m  o f  t h e  smoo the r  e s t i m a t i o n  e r r o r  g ( k + l -  
L/k+l), t h e n  t h e  s u b s t i t u t i o n  o f  (Cl3) and t a k i n g  t h e  2 t r a n s f o r m  of t h e  
r e s u l t i n g  error equat ion  y i e l d ,  
[ I  + (2) -1 z-1 +...+($'I 
S u b s t i t u t i o n  o f  (C6) and (C7) i n t o  (C14) y i e l d s  ' j is(z)/Vi(z) or 
-*(z)/Vi(z) ( t a k i n g  x(k) = 0). Equation ((314) i n  i t s  p resen t  form is  more 
convenient  f o r  computer eva lua t ion  of the t r a n s f e r  func t ions  and has  been 
used f o r  such purposes i n  t h e  program SIM. However by summing up t h e  terms 
i n  t he  f i n i t e  ser ies  i n  (C14), t h e  second  term o n  t h e  r i g h t  hand  s ide  of 
(Cl4) may be w r i t t e n  as, 
4 
(C15) AB z - ( ~ - ' ) ( z - ~ )  3 S -1 P ?(1-c0z)-' { I  -EYzL}&/D(z)  
P 
I n  p a r t i c u l a r ,  t h e  t r a n s f e r  f u n c t i o n  between the  smoothed phase estimate 
^S 8 ( k )  and  v i (k)  ( o r  y ( k ) )  o b t a i n e d  by p r e m u l t i p l y i n g  (C14) by 2' i s  g i v e n  
by 
Transfer  f u n c t i o n s  t o  the  smoothed estimates of  t he  frequency and frequency 
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rate can be s i m i l a r l y  obta ined .  
Order Fil-: 
The  r e s u l t s  d e r i v e d  f o r  t h e  t h i r d  o rde r  f i l t e r / s m o o t h e r  c a n  be  
d i r e c t l y  s p e c i a l i z e d  t o  o b t a i n  t h e  c o r r e s p o n d i n g  r e s u l t s  for lower order 
estimators.  For  e x a m p l e ,  s u b s t i t u t i o n  of i3 = 0 i n  e q u a t i o n s  (C4), (C5) 
and c o n s i d e r i n g  o n l y  t h e  first two components of r e s u l t  i n  
r 1 
2 
E ( z )  = z - (2-E -E T ) z  + (1-K 1 ) 1 2  
- 
S i m i l a r l y  s u b s t i t u t i o n  of k2 = 0 (and K1 = E) i n  (C17) and c o n s i d e r i n g  
o n l y  t h e  first component of ‘ji r e s u l t  i n  the  t r a n s f e r  f u n c t i o n  of t h e  first 
o r d e r  f i l t e r .  T h i s  a f t e r  c a n c e l l a t i o n  of t h e  common (z-1) term may be  
w r i t t e n  as, 
I n  the  same manner t he  t r a n s f e r  f u n c t i o n s  n(z)/Vi(z) can be o b t a i n e d  
from (C7) by s u b s t i t u t i o n  of f3 = 0 or K2 = K3 = 0 r e s p e c t i v e l y  fo r  t h e  
second order and first order f i l t e r  r e s p e c t i v e l y .  Furthermore,  as (Cl4) i s  
a p p l i c a b l e  t o  t h e  smoother of a n y  order ,  a m i n o r  m o d i f i c a t i o n  of (C15), 
(Cl6) a l s o  y i e l d s  t h e  smoother t r a n s f e r  f u n c t i o n s  f o r  lower order 
estimator s. 
- - 
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Appendix D: Flow Chart of Simulation Program for Smoothers 
The flow chart  of the computer s imulat ion program SIM developed on the  
V A X  system is g i v e n  i n  F igure  25. The program c o n t a i n s  both t h e  time 
domain and frequency domain a n a l y s i s  of the smoothers. 
4 1  
I 
I 
I 
I 
I 
.---I 
- G(k+l/k+l) 
Figure 1. Smoother Implementation 
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Figure 2. An Equivalent and Simpler Implementation of the Smoother 
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Figure 20. Normalized Frequency Estimation Error vs Normalized 
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~~ 
CALL UPDSIGMA --- 
Figure 25. Flow Chart of Simulation Program for Smoothers 
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Figure 25. Flow Chart of Simulation Program for Smoothers (Contd) 
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Figure 25. Flow Chart of Simulation Program for Smoothers (Contd) 
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